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HAMILTONIAN F-STABILITY OF COMPLETE LAGRANGIAN
SELF-SHRINKERS
LIUQING YANG
Abstract. In this paper, we study the Lagrangian F-stability and Hamiltonian F-stability
of Lagrangian self-shrinkers. We prove a characterization theorem for the Hamiltonian
F-stability of n-dimensional complete Lagrangian self-shrinkers without boundary, with
polynomial volume growth and with the second fundamental form satisfying the condition
that there exist constants C0 > 0 and ε <
1
16n
such that |A|2 ≤ C0+ε|x|
2. We characterize
the Hamiltonian F-stablity by the eigenvalues and eigenspaces of the drifted Laplacian.
Mathematics Subject Classification (2000): 53C44 (primary), 53C21 (secondary).
1. Introduction
An n-dimensional submanifold Σn of Rn+p is called a self-shrinker if it is the time t = −1
slice of a self-shrinking mean curvature flow that disappears at (0, 0), i.e. of a mean curvature
flow satisfying Σt =
√−tΣ−1. We can also consider a self-shrinker as a submanifold that
satisfies
H = −1
2
x⊥.
Self-shrinkers are very important singularities of the mean curvature flow.
According to the blow up rate of the second fundamental form, Huisken [11] classified the
singularities of mean curvature flows into two types: Type I and Type II. In 1984, Huisken
[10] showed that, if the initial hypersurface in Rn+1 is strictly convex, then along the mean
curvature flow, the surface will be strictly convex at each time, and the mean curvature flow
will contract to a point at a finite time T . Moreover, the normalized mean curvature flow
will converge to a round sphere. In 1990, Huisken [11] proved that any Type I singularity of
the mean curvature flow must be a self-shrinker by using the monotonicity formula. He also
proved that the only compact self-shrinkers with nonnegative mean curvature are spheres.
In [6], Colding-Minicozzi introduced the concept of F-stability and entropy-stability of
a self-shrinker, and gave a classification of self-shrinkers in the hypersurface case. The
definitions of many concepts in their paper can be naturally generalized to the higher
codimension case (cf. [2, 3, 13]).
Given x0 ∈ Rn+p and t0 > 0, Fx0,t0 is defined by
Fx0,t0(Σ) = (4pit0)
−n
2
∫
Σ
e
− |x−x0|2
4t0 dµ.
Key words and phrases. Hamiltonian F-stable, Lagrangian F-stable, Lagrangian self-shrinker.
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The entropy λ = λ(Σ) is the supremum of the Fx0,t0 functionals
λ = sup
x0∈Rn+p,t0>0
Fx0,t0(Σ).
In [6], Colding-Minicozzi proved that self-shrinkers are the critical points for the F0,1 func-
tional by computing the first variation formula of F0,1. They also computed the second vari-
ation formula, and defined F-stability of a self-shrinker by modding out translations. More
precisely, a self-shrinker Σ is said to be F-stable if for every compactly supported variation
Σs with Σ0 = Σ, there exist variations xs of x0 and ts of t0 that make F
′′ = (Fxs,ts(Σs))′′ ≥ 0
at s = 0. They also defined a self-shrinker to be entropy-stable if it is a local minimum for
the entropy functional.
Colding-Minicozzi [6] showed that the round sphere and hyperplanes are the only F-
stable self-shrinkers in Rn+1. By studying the relationship between F-stability and entropy-
stability, they proved that every singularity other than spheres and cylinders can be per-
turbed away.
In 2002, Andrews-Li-Wei [2], Arezzo-Sun [3] and Lee-Lue [13] independently generalized
Colding-Minicozzi’s work [6] from the hypersurface case to the higher codimensional case.
They computed the first and second variation formulae of the F-functional, and studied
F-stability of self-shrinkers in higher codimension.
The normal bundle brings much difficulty for the classification of self-shrinkers in higher
codimensions. In [17], Smoczyk classified self-shrinkers with H 6= 0 and parallel principal
normal. Andrews-Li-Wei [2] classified F-stable self-shrinkers with parallel principal normal
by using Smoczyk’s result. In [13], Lee-Lue found an equivalent condition to the F-stabiliy.
Moreover, they proved that in some cases the closed Lagrangian self-shrinkers given by
Anciaux in [1] are Lagrangian F-unstable. See [2, 3, 4, 5, 13, 14, 17], etc. for some other
interesting results on self-shrinkers in higher codimensions.
A self-shrinker Σn in Cn is called a Lagrangian self-shrinker, if it is also a Lagrangian
submanifold. Lagrangian self-shrinkers are very important examples of self-shrinkers in
higher codimension. Anciaux [1] and Joyce-Lee-Tsui [12] constructed some examples of
Lagrangian self-shrinkers.
In 1990, Oh [16] introduced the notion of Hamiltonian stability of minimal Lagrangian
submanifolds in Ka¨hler-Einstein manifolds, which means stability under Hamiltonian vari-
ations. He found a criterion for the Hamiltonian stability, which reduces the Hamiltonian
stability to the first eigenvalue of the Laplacian ∆ acting on functions. Motivated by this
result, we also get a characterization theorem for Hamiltonian F-stability (see Definition
3.2) of complete Lagrangian self-shrinkers in Cn, which reduces the Hamiltonian F-stability
to the spectral property of drifted Laplacian L acting on functions. Since the F-stability is
defined by modding out the translations, our result is related to not only eigenvalues but
also eigenfunctions. Our theorem is as follows:
Theorem 1.1. Let Σn ⊂ Cn be a smooth complete Lagrangian self-shrinker without bound-
ary and with polynomial volume growth. Suppose there exist constants C0 > 0 and ε <
1
16n
such that |A|2 ≤ C0 + ε|x|2. Then the following statements are equivalent:
(i) Σ is Hamiltonian F-stable.
(ii) λ1(L) = 12 , λ2(L) ≥ 1, and the eigenspace corresponding to the eigenvalue 12 is
spanned by coordinate functions.
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Remark 1.2. Many manifolds satisfy our condition on the second fundamental form that
|A|2 ≤ C0+ε|x|2(C0 > 0, ε < 116n ). For example, the clifford torus, cylinders, and manifolds
that are asymptotic to cones, and so on.
With the characterization theorem, it is natural to think about classifying Hamiltonian F-
stable Lagrangian self-shrinkers. It is natural to ask whether Clifford torus is the only closed
Hamiltonian F-stable Lagrangian self-shrinker in Cn, whether S1(
√
2)× · · ·S1(
√
2)︸ ︷︷ ︸
k
×Rn−k
(0 ≤ k ≤ n − 1) are the only noncompact Hamiltonian F-stable Lagrangian self-shrinkers
without boundary, with polynomial volume growth and satisfying |A|2 ≤ C0 + ε|x|2 (C0 >
0, ε < 116n ) in C
n, and whether there exist any other examples of Hamiltonian F-stable La-
grangian self-shrinkers. In [6], Colding-Minicozzi classified F-stable self-shrinkers by show-
ing that F-stability implies mean convexity (i.e. H ≥ 0) and then classifying the mean
convex self-shrinkers. However, in our case, the method does not apply. In fact, it is hard
to get information about the mean curvature from Hamiltonian F-stability. This makes
classification very difficult.
After we got the characterization theorem for Hamiltonian F-stability of closed La-
grangian self-shrinkers, and while we were trying to prove some classification results, we
found on December 18, 2013 on arXiv that Li-Zhang [15] also obtained the same charac-
terization theorem for the closed case. For the purpose of completeness, and to make our
paper more readable, we will also include the closed case and our own proof of it in this
paper.
Acknowledgement: This work was completed while the author was a visiting PhD student
at MIT. The author is grateful for the facilities provided. She would like to thank Professor
Tobias Holck Colding for invitation and arranging this visit, and for his encouragement.
She would like to thank Professor William P. Minicozzi II for introducing this problem to
her and for many very helpful discussions, suggestions and comments. She would also like
to thank Professor Jiayu Li for his encouragement. She acknowledges the China Scholarship
Council (Grant No. 201304910263) for supporting her visit to MIT.
2. Preliminaries
In this section, we recall some known results that were first proved by Colding-Minicozzi
[6] for the hypersurface case, and then generalized by [2, 3, 13] to the higher codimension
case. The results will be used in the following sections.
Recall that given x0 ∈ Rn+p and t0 > 0, Fx0,t0 is defined by
Fx0,t0(Σ) = (4pit0)
−n
2
∫
Σ
e
− |x−x0|
2
4t0 dµ.
The first variation formula of Fx0,t0 is
Lemma 2.1. Let Σs ⊂ Rn+p be a variation of Σ with normal variation vector field V . If
xs and ts are variations of x0 and t0 with x
′
0 = y and t
′
0 = h, then
∂
∂s
(Fxs,ts(Σs)) = (4pit0)
−n
2
∫
Σ
{〈
H +
(x− x0)⊥
2t0
, V
〉
+ h
( |x− x0|2
4t20
− n
2t0
)
+
〈x− x0, y〉
2t0
}
e
− |x−x0|
2
4t0 .
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It follows that
Proposition 2.2. Σ is a critical point for Fx0,t0 if and only if H = − (x−x0)
⊥
2t0
.
The second variation formula at a critical point is
Theorem 2.3. Suppose that Σ is complete, ∂Σ = ∅, Σ has polynomial volume growth, and
Σ is a critical point for F0,1. If Σs is a normal variation of Σ, xs, ts are variations with
x0 = 0 and t0 = 1, and
∂s
∣∣∣
s=0
Σs = V, ∂s
∣∣∣
s=0
xs = y, and ∂s
∣∣∣
s=0
ts = h,
then setting F ′′ = ∂ss
∣∣∣
s=0
(Fxs,ts(Σs)) gives
F ′′ = (4pi)−
n
2
∫
Σ
(
−〈V,LV 〉+ 〈V, y〉 − h2|H|2 − 2h〈H,V 〉 − 1
2
|y⊥|2
)
e−
|x|2
4
where
LV = ∆V − 1
2
∇⊥xTV +
〈〈A,V 〉, A〉 + 1
2
V
=
(
∆V α − 1
2
〈x,∇V α〉+ gikgjlV βhβijhαkl +
1
2
V α
)
eα.
The linear operator defined by
Lv = ∆v − 1
2
〈x,∇v〉 = e |x|
2
4 divΣ
(
e−
|x|2
4 ∇v
)
is self-adjoint in a weighted L2 space. This follows immediately from Stokes’ theorem. More
precisely,
Lemma 2.4. If Σ ⊂ Rn+p is a submanifold of Rn+p, u is a C1 function with compact
support, and v is a C2 function, then∫
Σ
u(Lv)e− |x|
2
4 = −
∫
Σ
〈∇v,∇u〉e− |x|
2
4(2.1)
Corollary 2.5. Suppose that Σ ⊂ Rn+p is a complete submanifold of Rn+p without bound-
ary. If u, v are C2 functions with∫
Σ
(|u∇v| + |∇u||∇v| + |uLv|)e− |x|
2
4 <∞,
then we get ∫
Σ
u(Lv)e− |x|
2
4 = −
∫
Σ
〈∇v,∇u〉e− |x|
2
4 .
Now we display here some known properties that will be used in our paper. Denote by xA
(A = 1, 2, · · · , x+ p) the coordinate functions of Σ in Rn+p, i.e. xA is the A-th component
of the position vector x, then
Lemma 2.6. If Σn ⊂ Rn+p is a self-shrinker, then
LxA = −1
2
xA.(2.2)
∆|x|2 = 2n− |x⊥|2,(2.3)
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L|x|2 = 2n− |x|2,(2.4)
LH = H,(2.5)
and for every constant vector field y,
Ly⊥ =
1
2
y⊥.(2.6)
From (2.2) we see the coordinate functions are eigenfunctions of L corresponding to the
eigenvalue 12 . From (2.5) and (2.6) we see H and y
⊥ are both vector-valued eigenfunctions
of L.
3. Lagrangian F-stability and Hamiltonian F-stability
In this section, we will define Lagrangian F-stability and Hamiltonian F-stability of La-
grangian self-shrinkers (also defined in [3, 13, 15]). Recall the definition of Lagrangian and
Hamiltonian variations on a Lagrangian submanifold.
Definition 3.1. [16] Let (M, ω¯) be a symplectic manifold M . Let Σ ⊂M be a Lagrangian
submanifold and V be a vector field along Σ. V is called a Lagrangian (resp. Hamiltonian)
variation if it satisfies that the one form i∗(V ⌋ω¯) on Σ is closed (resp. exact).
Note that both Lagrangian variations and Hamiltonian variations have some equivalent
definitions.
Lemma 3.1. [13] A normal variation V on Σ is Lagrangian if and only if
〈∇⊥XV, JY 〉 = 〈∇⊥Y V, JX〉,
where ∇⊥ is the normal connection on NΣ and X,Y ∈ TΣ.
Lemma 3.2. [16] A normal variation V on Σ is Hamiltonian if and only if
V = J∇f,
where f is a function on L and ∇ is the gradient on L with respect to the induced metric.
Now we are ready to define Lagrangian F-stability and Hamiltonian F-stability of La-
grangian self-shrinkers.
Definition 3.2. We say a Lagrangian self-shrinker Σ is Lagrangian (resp. Hamiltonian)
F-stable if for every compactly supported Lagrangian (resp. Hamiltonian) variations Σs with
Σ0 = Σ, there exist variations xs of x0 and ts of t0 that make F
′′ ≥ 0.
It is obvious that a Hamiltonian variation is also a Lagrangian variation, so Lagrangian
F-stability implies Hamiltonian F-stability.
4. Examples
We begin with some simple examples to observe the Lagrangian F-stability and Hamil-
tonian F-stability of Lagrangian self-shrinkers. It is well known that the simplest example of
an n-dimensional closed Lagrangian self-shrinkers in Cn is the Clifford torus T n, while the
simplest example of an n-dimensional noncompact Lagrangian self-shrinker in Cn besides
Rn is the cylinder S1(
√
2)×Rn−1 . In this section, we will study the Lagrangian F-stability
and Hamiltonian F-stability of these two examples. The proof in this section is inspired by
Colding-Minicozzi’s proof of Lemma 4.23 in [6].
6 LIUQING YANG
Theorem 4.1. The cylinder S1(
√
2)×Rn−1 ⊂ Cn is Lagrangian F-stable, hence it is also
Hamiltonian F-stable.
Proof. For simplicity, we only prove the case n = 2. The proof for the case n > 2 is
very similar. The cylinder can be expressed as
F (θ, t) =
(√
2 cos θ,
√
2 sin θ, t, 0
)
.
We choose
e1 = Fθ = (−
√
2 sin θ,
√
2 cos θ, 0, 0), e2 = Ft = (0, 0, 1, 0),
then
(gij)1≤i,j≤2 =
(
2 0
0 1
)
.
Using the standard complex structure J in C2,
J =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 ,
we choose
e3 =
Je1
|Je1| = (− cos θ,− sin θ, 0, 0), e4 =
Je2
|Je2| = (0, 0, 0, 1).
Thus {e1, e2} is an orthogonal basis of TΣ, {e3, e4} is an orthonormal basis ofNΣ. Moreover,
Fθθ = (−
√
2 cos θ,−
√
2 sin θ, 0, 0), Fθt = 0, Ftt = 0.
Thus
h311 = 〈Fθθ, e3〉 =
√
2, other hαij = 0.
Hence
H = g11h311e3 =
√
2
2
e3, H = −1
2
F⊥, |H| =
√
2
2
.
Now suppose V = fe3 + ge4. By Lemma 3.1 we get V is Lagrangian if and only if√
2ft = gθ.(4.1)
It is easy to check that ∇⊥e3 = ∇⊥e4 = 0, thus
− 〈V,LV 〉 = −V 3LV 3 − V 4LV 4
= −V 3LV 3 − V 3(g11)2V 3(h311)2 −
1
2
(V 3)2 − V 4LV 4 − 1
2
(V 4)
= −fLf − 1
2
f2 − 1
2
f2 − gLg − 1
2
g2
= −fLf − f2 − gLg − 1
2
g2.(4.2)
Therefore,
F ′′ = (4pi)−
n
2
∫
S1(
√
2)×R1
{
−f(Lf + f)− g
(
Lg + 1
2
g
)
+ f〈y, e3〉+ g〈y, e4〉 − 1
2
h2 −
√
2hf
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−1
2
〈y, e3〉2 − 1
2
〈y, e4〉2
}
e−
t2+2
4 .
We compute
L = 1
2
∂2
∂θ2
+
∂2
∂t2
− 1
2
t
∂
∂t
= ∆S1(
√
2) + LR1 .
It is known that
λk
(
∆S1(
√
2)
)
=
k2
2
,
with the associated eigenspace spanned by {cos kθ, sin kθ}, while
λk(LR1) =
k
2
,
with the associated eigenspace spanned by Hermite Polynomials{
Hk(t) = (−1)ke
t2
4
dk
dtk
e−
t2
4
}
.
Therefore,
λ0(L) = 0,
with the associated eigenspace spanned by {1};
λ1(L) = 1
2
,
with the associated eigenspace spanned by {cos θ, sin θ, t}; and
λ2(L) = 1,
with the associated eigenspace spanned by {t cos θ, t sin θ, t2 − 2}. Notice that∫
S1(
√
2)×R1
f · te− |x|
2
4 =
∫
S1(
√
2)
∫
R
1
f · te− t
2+2
4 dtdσ
=
∫
S1(
√
2)
(∫
R
1
f · (−2L
R
1t)e−
t2
4 dt
)
e−
1
2 dσ
= 2
∫
S1(
√
2)
(∫
R
1
ft · 1e− t
2
4 dt
)
e−
1
2 dσ
=
√
2
∫
S1(
√
2)
∫
R
1
gθe
− t2+2
4 dtdσ
=
√
2
∫
R
1
(∫
S1(
√
2)
gθdσ
)
e−
t2+2
4 dt
= 0,
where we used (4.1) in the fourth equality.
Therefore, we can choose a1, a2, a3 ∈ R, so that
f = a1 + a2 cos θ + a3 sin θ + f0 , a1 + 〈z, e3〉+ f0,
where z = (−a2,−a3), and −f0Lf0 ≥ f20 . We can also choose b1 ∈ R so that
g = b1 + g0, −g0Lg0 ≥ 1
2
g20 .
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It follows that
F ′′ ≥ (4pi)−n2
∫
S1(
√
2)×R1
{
−a21 −
1
2
〈z, e3〉2 − 1
2
b21 + 〈z, e3〉〈y, e3〉+ b1〈y, e4〉 −
1
2
h2 −
√
2ha1
−1
2
〈y, e3〉2 − 1
2
〈y, e4〉2
}
e−
t2+2
4
= (4pi)−
n
2
∫
S1(
√
2)×R1
{
−(a1 +
√
2
2
h)2 − 1
2
(〈z, e3〉 − 〈y, e3〉)2 − 1
2
(b1 − 〈y, e4〉)2
}
e−
t2+2
4 .
Choose h = −√2a1, 〈y, e3〉 = 〈z, e3〉, 〈y, e4〉 = b1, i.e. h = −
√
2a1, y = (−a2,−a3, 0, b1),
then F ′′ ≥ 0. Therefore S1(√2)×R1 is Lagrangian F-stable, thus also Hamiltonian F-stable.
Q.E.D.
Theorem 4.2. The Clifford torus T n = S1(
√
2)× · · · × S1(
√
2)︸ ︷︷ ︸
n
⊂ Cn is Hamiltonian F-
stable, but Lagrangian F-unstable.
Proof. For simplicity, we only prove the case n = 2. The proof for the case n > 2 is
similar.
The Clifford torus can be expressed as
F (θ, ϕ) = (
√
2 cos θ,
√
2 sin θ,
√
2 cosϕ,
√
2 sinϕ).
We choose
e1 = Fθ = (−
√
2 sin θ,
√
2 cos θ, 0, 0), e2 = Fϕ = (0, 0,−
√
2 sinϕ,
√
2 cosϕ),
e3 =
Je1
|Je1| = (− cos θ,− sin θ, 0, 0), e4 =
Je2
|Je2| = (0, 0,− cos ϕ,− sinϕ).
It is easy to compute that
H =
√
2
2
e3 +
√
2
2
e4, |H| = 1.
(i) Now suppose V is a Hamiltonian variation. Then by Lemma 3.2, there exists a function
f such that
V =
√
2J∇f = fθe3 + fϕe4.
It is easy to check that ∇⊥e3 = 0, ∇⊥e4 = 0. By similar computations with (4.2), we have
− 〈V,LV 〉 = −fθLfθ − f2θ − fϕLfϕ − f2ϕ,(4.3)
and
F ′′ = (4pi)−
n
2
∫
Σ
{
−fθ(Lfθ + fθ)− fϕ(Lfϕ + fϕ) + fθ〈y, e3〉+ fϕ〈y, e4〉 − h2 − 1
2
〈y, e3〉2
−1
2
〈y, e4〉2
}
e−1.
By the same method as in the proof of Theorem 4.1, we can get the Hamiltonian F-stability
of the Clifford torus.
(ii)It is easy to check that V = e3− e4 is a Lagrangian variation, and F ′′ < 0 for every h
and y. Therefore, S1(
√
2)× S1(√2) is Lagrangian F-unstable.
We leave the details to the readers. Q.E.D.
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The Hamiltonian F-stability of the Clifford torus and the cylinder is also an immediate
corollary of our characterization theorem for Hamiltonian F-stability of complete Lagrangian
self-shrinkers. See section 7 and section 9 for more details.
The Lagrangian F-stability of the cylinder was also mentioned by Li-Zhang in [15]. They
also proved the results that the Clifford torus is Hamiltonian F-stable and Lagrangian F-
unstable as a corollary of their theorems. See [15] for more discussions on Lagrangian
F-stability and Hamiltonian F-stability of closed Lagrangian self-shrinkers.
5. The operator L preserves Hamiltonian
Note that in the previous section, when we were computing LV in both examples, we
used ∇⊥e3 = ∇⊥e4 = 0. Then the computation of LV was reduced to the action of L
on coefficient functions. However, we cannot always find such a good frame for general
Lagrangian self-shrinkers. So it seems not easy to compute LV in the general case.
In [16], Oh studied Hamiltonian stability of minimal Lagrangian submanifolds in Ka¨hler-
Einstein manifolds, and characterized Hamiltonian stability by a condition on the first
eigenvalue of ∆ acting on functions. The key point of Oh’s proof is that, for a minimal La-
grangian submanifold of a Ka¨hler-Einstein manifold, the set of Hamiltonian variations is an
invariant subspace of the Jacobi operator. It is natural to think that this propery also holds
for Lagrangian self-shrinkers. Oh proved this property by using the isomorphism between
sections of NL and one-forms. He transferred all the computations from normal vector
fields to forms, and used Hodge-decomposition. In [15], Li-Zhang also made their compu-
tations on forms, and used the twisted Hodge Laplacian and twisted Hodge-decomposition.
However, the property inspired us to to show the following equality on vector fields directly,
though the computations are essentially equivalent with those on forms. The equality well
characterizes how the operator L acts on Hamiltonian variations.
Theorem 5.1. Suppose Σn ⊂ Cn is a Lagrangian self-shrinker. Then for every function f
on Σ,
LJ∇f = J∇(Lf + f).(5.1)
This implies that the set of Hamiltonian variations is an invariant subspace of the operator
L.
Proof. Fix a point p. We choose a local orthonormal basis {ei}ni=1 of TΣ such that
∇eiej(p) = 0. Then since Σ is Lagrangian, {en+i = Jei}ni=1 is a local orthonomal basis of
NΣ. In the following we compute at the point p. It is easy to compute that
LJ∇f = ∆⊥(J∇f)− 1
2
∇⊥xT (J∇f) + hn+kil fkhn+jil Jej +
1
2
fjJej
=
(
fjii − 1
2
〈x, ek〉fjk + fkhn+lik hn+lij +
1
2
fj
)
Jej ,
where in the last equality we used the Lagrangian property hn+kil = h
n+l
ik . On the other
hand,
J∇(Lf + f) = J∇
(
∆f − 1
2
xT f + f
)
= fiijJej − 1
2
J∇〈xT ,∇f〉+ fjJej
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=
(
fiji − fiRjkik − 1
2
ej〈xT ,∇f〉+ fj
)
Jej
=
(
fjii − fihn+lij hn+lkk + fihn+ljk hn+lik −
1
2
〈∇ejxT ,∇f〉 −
1
2
〈xT ,∇ej∇f〉+ fj
)
Jej
=
(
fjii +
1
2
fih
n+l
ij 〈x⊥, en+l〉+ fkhn+lik hn+lij −
1
2
〈∇ejx,∇f〉+
1
2
〈∇ejx⊥,∇f〉
−1
2
fjk〈x, ek〉+ fj
)
Jej
=
(
fjii +
1
2
fih
n+l
ij 〈x⊥, en+l〉+ fkhn+lik hn+lij −
1
2
〈ej ,∇f〉 − 1
2
〈
x⊥,∇ej (fkek)
〉
−1
2
〈x, ek〉fjk + fj
)
Jej
=
(
fjii +
1
2
fih
n+l
ij 〈x⊥, en+l〉+ fkhn+lik hn+lij −
1
2
fj − 1
2
fk〈x⊥, hn+ljk en+l〉
−1
2
〈x, ek〉fjk + fj
)
Jej
=
(
fjii − 1
2
〈x, ek〉fjk + fkhn+lik hn+lij +
1
2
fj
)
Jej ,
where in the third equality we used the Ricci formula; in the fourth equality we used the
Gauss equation; and in the fifth equality we used the self-shrinker equation H = −12x⊥.
This proves the theorem. Q.E.D.
6. Second variation formula under Hamiltonian variations
From this section to the end of this paper, we will use square brackets [·] to denote
weighted integrals
[f ] = (4pi)−
n
2
∫
Σ
fe−
|x|2
4 .(6.1)
Then the second variation formula of F -functional can be written as
F ′′ =
[
−〈V,LV 〉+ 〈V, y〉 − h2|H|2 − 2h〈H,V 〉 − 1
2
|y⊥|2
]
,(6.2)
where
L = ∆⊥ − 1
2
∇⊥xT +
〈〈A, ·〉, A〉 + 1
2
.
Now we assume V is a Hamiltonian variation, that is, there exists a function f , such that
V = J∇f . Putting it into (6.2), we have
F ′′ =
[
−〈J∇f, LJ∇f〉+ 〈J∇f, y〉 − h2|H|2 − 2h〈H,J∇f〉 − 1
2
|y⊥|2
]
(6.3)
First note that,
Lemma 6.1. For every smooth function f on a Lagrangian self-shrinker, we have
[〈H,J∇f〉] = 0.(6.4)
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Proof. By choosing a geodesic frame, we compute
divΣ(Jx)
T = ek〈Jx, ek〉 = 〈∇ekJx, ek〉+ 〈Jx,∇ekek〉 = 〈J∇ekx, ek〉+ 〈Jx,H〉
= 〈Jek, ek〉+ 〈Jx,H〉 = 〈Jx,H〉,
thus
e−
|x|2
4 divΣ
(
f(Jx)T e−
|x|2
4
)
= 〈∇f, (Jx)T 〉+ f〈Jx,H〉 − 1
2
f〈(Jx)T , xT 〉
= 〈∇f, J(x⊥)〉 − 1
2
f〈Jx, x⊥〉 − 1
2
f〈Jx, xT 〉
= −2〈∇f, JH〉 − 1
2
f〈Jx, x〉
= 2〈J∇f,H〉.
By approximation and Stokes’ theorem, we get (6.4). Q.E.D.
Substituting (5.1) and (6.4) into (6.3), we immediately get the second variation formula
under Hamiltonian variations.
Theorem 6.2. Suppose that Σ is complete, ∂Σ = ∅, Σ has polynomial volume growth, and
Σ is a critical point for F0,1. If Σs is a Hamiltonian variation of Σ, xs, ts are variations
with x0 = 0 and t0 = 1, and
∂s
∣∣
s=0
Σs = V = J∇f, ∂s
∣∣∣
s=0
xs = y, and ∂s
∣∣∣
s=0
ts = h,
Then setting F ′′ = ∂ss
∣∣∣
s=0
(Fxs,ts(Σs)) gives
F ′′ =
[
−〈∇f,∇(Lf + f)〉+ 〈J∇f, y〉 − h2|H|2 − 1
2
|y⊥|2
]
.(6.5)
Note that Li-Zhang (Proposition 4.1 in [15]) also wrote the second variational formula
under Hamiltonian variations, where they expressed it by forms and used d∗f , the adjoint
operator of d in the weighted L2 space.
7. Hamiltonian F-stability of closed Lagrangian self-shrinkers
In this section, we prove a characterization theorem for Hamiltonian F-stability of closed
Lagrangian self-shrinkers. This theorem was also proved in [15] (Theorem 1.3).
Theorem 7.1. Suppose Σn ⊂ Cn is a smooth closed Lagrangian self-shrinker, then the
following statements are equivalent:
(i) Σ is Hamiltonian F-stable.
(ii) λ1(L) = 12 , λ2(L) ≥ 1, and the eigenspace corresponding to the eigenvalue 12 is
spanned by coordinate functions.
Proof. First we prove (ii)⇒ (i). Given an arbitrary Hamiltonian vector field V = J∇f ,
by (ii) we can choose a0, aA ∈ R, A = 1, ..., 2n, such that
f = a0 +
∑
A
aAx
A + f0 , a0 + 〈z, x〉+ f0,(7.1)
where z = (a1, · · · , a2n), L〈z, x〉 = −12〈z, x〉 and −f0Lf0 ≥ f20 . It is easy to get
∇〈z, x〉 = zT , J∇〈z, x〉 = JzT = (Jz)⊥(7.2)
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Putting (7.1) and (7.2) into (6.5), and using the orthogonality of the different eigenspaces,
we get that
F ′′ ≥
[
1
2
|zT |2 + 〈(Jz)⊥, y⊥〉 − 1
2
|y⊥|2
]
=
[
−1
2
∣∣∣(Jz)⊥ − y⊥∣∣∣2] .
We choose h = 0 and y = Jz, then F ′′ ≥ 0. Therefore Σ is Hamiltonian F-stable.
Now we prove (i)⇒ (ii). Assume the contrary that (ii) does not hold. Then either
(1) There exists a function f , such that Lf = −µf , where 0 < µ < 1, µ 6= 12 ; or
(2) There exists a function f , such that Lf = −µf , where µ = 12 , f is not a linear
combination of coordinate functions, and[
f · xA] = 0, A = 1, · · · , 2n.(7.3)
First we consider case (1). Since Lf = −µf , by Corollary 2.5, we have[|∇f |2] = [−fLf ] = µ [f2] .
LJ∇f = J∇(Lf + f) = J∇ [(1− µ)f ] = (1− µ)J∇f, 1− µ 6= 1
2
.
Since Ly⊥ = 12y
⊥, and the eigenvector fields of L corresponding to different eigenvalues are
orthogonal with respect to the weighted L2 inner product, we have
[〈J∇f, y〉] =
[
〈J∇f, y⊥〉
]
= 0.
Now we consider case (2). Then
Lf = −1
2
f.(7.4)
We compute that
J∇〈Jy, x〉 = J(Jy)T = JJy⊥ = −y⊥.(7.5)
By (7.3), we have
[f〈Jy, x〉] = 0(7.6)
Hence by (7.5), (7.6) and using Corollary 2.5, we get
[〈J∇f, y〉] =
[
〈J∇f, y⊥〉
]
=
[−〈∇f,∇〈Jy, x〉〉] = [Lf · 〈Jy, x〉] = [−1
2
f〈Jy, x〉
]
= 0
Thus, in either case we have
[〈J∇f, y〉] = 0.(7.7)
Therefore,
F ′′ =
[
〈∇f, (µ− 1)∇f〉 − h2|H|2 − 1
2
|y⊥|2
]
=
[
(µ − 1)|∇f |2 − h2|H|2 − 1
2
|y⊥|2
]
=
[
µ(µ− 1)f2 − h2|H|2 − 1
2
|y⊥|2
]
≤ [µ(µ − 1)f2] < 0.
This contradicts with (i). This proves the theorem. Q.E.D.
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Since the eigenvalues and eigenspaces of L on the Clifford torus satisfy (ii), it follows
immediately that
Corollary 7.2. The Clifford torus T n ⊂ Cn is Hamiltonian F-stable.
8. Analysis on complete self-shrinkers
In this section, we deduce some estimates on complete self-shrinkers, which will be used to
prove our characterization theorem in the next section. The estimates we get in this section
are motivated by section 3 in [7], where they got corresponding estimates on cylinders.
We use the same notations as in [7]. We denote the Gaussian L2-norm
‖u‖2L2 =
∫
Σ
u2e−
|x|2
4 ,(8.1)
and the associated Gaussian W 1,2 and W 2,2 norms
‖u‖2W 1,2 =
∫
Σ
(
u2 + |∇u|2) e− |x|24
and
‖u‖2W 2,2 =
∫
Σ
(
u2 + |∇u|2 + |∇2u|2) e− |x|24 .
Lemma 8.1. Suppose Σn ⊂ Cn is a smooth complete self-shrinker without boundary. Then
there exists a constant C, such that if u ∈W 1,2(Σ), then
‖|x|u‖2L2 ≤ C
(‖u‖2L2 + ‖∇u‖2L2) = C‖u‖2W 1,2 .
Proof. It is easy to check that
divΣx
T = n− 1
2
|x⊥|2,
thus
e
|x|2
4 divΣ
(
u2xT e−
|x|2
4
)
= 2u〈∇u, xT 〉+
(
n− 1
2
|x⊥|2
)
u2 − u2 |x
T |2
2
≤ 4|∇u|2 +
(
n− 1
2
|x⊥|2
)
u2 − u2 |x
T |2
4
,
where the inequality used the absorbing inequality 2ab ≤ a24 + 4b2. By approximation, we
can assume that u has compact support on Σ, then by Stokes’ theorem we have
1
4
∫
Σ
u2|xT |2e− |x|
2
4 ≤
∫
Σ
{(
n− 1
2
|x⊥|2
)
u2 + 4|∇u|2
}
e−
|x|2
4 .
The lemma follows since |x|2 = |xT |2 + |x⊥|2. Q.E.D.
By induction, we have
Lemma 8.2. Suppose Σn ⊂ Cn is a smooth complete self-shrinker without boundary. Then
there exists a constant C, such that if u ∈W 2,2(Σ), then
‖|x|2u‖2L2 ≤ C‖u‖2W 2,2 .(8.2)
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Proof. By using (8.2) three times, we get
‖|x|2u‖2L2 = ‖|x|(|x|u)‖2L2
≤ C‖|x|u‖2W 1,2
= C
(‖|x|u‖2L2 + ‖∇(|x|u)‖2L2)
≤ C (‖u‖2W 1,2 + ‖u‖2L2 + ‖|x||∇u|‖2L2)
≤ C (‖u‖2W 1,2 + ‖∇u‖2W 1,2)
≤ C‖u‖2W 2,2 ,
where the three inequalities used Lemma 8.1 for |x|u, u and |∇u|, respectively. This proves
the lemma. Q.E.D.
Lemma 8.3. Let Σn ⊂ Cn be a smooth complete self-shrinker without boundary. Suppose
there exist constants C0 > 0 and ε <
1
16n such that |A|2 ≤ C0+ε|x|2. If u ∈W 1,2(Σ)∩C2(Σ),
and Lu ∈ L2(Σ), then u ∈W 2,2(Σ), and there exists a constant C, such that
‖u‖2W 2,2 ≤ C
(‖u‖2L2 + ‖Lu‖2L2) .(8.3)
Proof. By integrating by parts, we get
‖∇u‖2L2 = |〈u,Lu〉L2 | ≤ ‖u‖L2‖Lu‖L2 ≤
1
2
‖u‖2L2 +
1
2
‖Lu‖2L2 .(8.4)
It remains to bound ‖∇2u‖L2 . Let φ be a smooth function satisfying φ = 1 on BR, |∇φ| ≤ 1
on BR+2 \BR, and φ = 0 on Σ \BR+2. By direct computation, we get
e
|x|2
4 divΣ
(
φ2{uijui − (Lu)uj}e−
|x|2
4
)
= 2φφj{uijui − (Lu)uj}
+φ2
{
1
2
L|∇u|2 − (Lu)2 − 〈∇Lu,∇u〉
}
.(8.5)
We estimate
|φφj{uijui − (Lu)uj}| ≤ |φ||∇φ||∇2u||∇u|+ |φ||∇φ||Lu||∇u|
≤ δφ2|∇2u|2 + Cδ|∇φ|2|∇u|2 + Cφ2|Lu|2,(8.6)
where δ is to be determined later.
Recall the Bochner formula for the drifted Laplacian ∆fu = ∆u− 〈∇f,∇u〉,
1
2
∆f |∇u|2 = |∇2u|2 + 〈∇∆fu,∇u〉+Ricf (∇u,∇u).
where Ricf = Ric +∇2f is the Bakry-E´mery Ricci curvature. When f = |x|
2
4 , ∆f is justL. Then by our condition on the second fundamental form, we have
Ricf (∇u,∇u) = 1
2
|∇u|2 − hαikhαjkuiuj =
1
2
|∇u|2 −
{∑
i
((∑
k
hαik
)
ui
)}2
≥ 1
2
|∇u|2 −
∑
i
(
∑
k
hαik)
2
∑
i
u2i ≥
1
2
|∇u|2 − n
∑
i,k
(hαik)
2
∑
i
u2i
=
1
2
|∇u|2 − n|A|2|∇u|2
≥ −C|∇u|2 − nε|x|2|∇u|2.(8.7)
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Therefore, by the Bochner formula, we have
1
2
L|∇u|2 − 〈∇Lu,∇u〉 = |∇2u|2 +Ricf (∇u,∇u)
≥ |∇2u|2 − C|∇u|2 − nε|x|2|∇u|2.(8.8)
Putting (8.6) and (8.8) into (8.5), we have
e
|x|2
4 divΣ
(
φ2{uijui − (Lu)uj}e−
|x|2
4
)
≥ (1− δ)φ2|∇2u|2 − Cφ2|∇u|2 − Cδ|∇φ|2|∇u|2
−Cφ2(Lu)2 − nεφ2|x|2|∇u|2.(8.9)
Thus by Stokes’ theorem, we get
(1− δ)
∫
Σ
φ2|∇2u|2e− |x|
2
4 ≤
∫
Σ
{
Cφ2|∇u|2 + Cδ|∇φ|2|∇u|2 + Cφ2(Lu)2
+nεφ2|x|2|∇u|2} e− |x|24 .(8.10)
Now we estimate
∫
Σ φ
2|x|2|∇u|2e− |x|
2
4 . Similar to the proof of Lemma 8.1, we have
e
|x|2
4 divΣ
(
φ2|∇u|2xT e− |x|
2
4
)
= 2φ〈∇φ, xT 〉|∇u|2 + 2φ2|∇u|〈∇|∇u|, xT 〉
+φ2
(
n− 1
2
|x⊥|2
)
|∇u|2 − φ2|∇u|2 |x
T |2
2
≤ δ
4
φ2|∇u|2|xT |2 +Cδ|∇φ|2|∇u|2 + 4φ2|∇2u|2
+φ2
(
n− 1
2
|x⊥|2
)
|∇u|2 − φ2|∇u|2 |x
T |2
4
.
Thus by Stokes’ Theorem, we get
1− δ
4
∫
Σ
φ2|xT |2|∇u|2e− |x|
2
4 ≤
∫
Σ
{
Cδ|∇φ|2|∇u|2 + φ2
(
n− 1
2
|x⊥|2
)
|∇u|2 + 4φ2|∇2u|2
}
e−
|x|2
4 .
Therefore, by |x|2 = |xT |2 + |x⊥|2, we have∫
Σ
φ2|x|2|∇u|2e− |x|
2
4 ≤
∫
Σ
{
Cδ|∇φ|2|∇u|2 + Cδφ2|∇u|2 + 16
1− δφ
2|∇2u|2
}
e−
|x|2
4 .(8.11)
Combining (8.10) and (8.11) gives(
1− δ − 16nε
1− δ
)∫
Σ
φ2|∇2u|2e− |x|
2
4
≤
∫
Σ
{
Cε,δφ
2|∇u|2 + Cε,δ|∇φ|2|∇u|2 + Cφ2(Lu)2
}
e−
|x|2
4 .(8.12)
Since ε < 116n , we can choose δ > 0 so that (1 − δ)2 > 16nε. Thus by (8.4) and (8.12), we
get
‖φ2∇2u‖2L2 ≤ C
(‖u‖2L2 + ‖Lu‖2L2) .(8.13)
Thus the monotone convergence theorem gives u ∈W 2,2(Σ), and
‖∇2u‖2L2 ≤ C
(‖u‖2L2 + ‖Lu‖2L2) .(8.14)
This proves the lemma. Q.E.D.
16 LIUQING YANG
9. Hamiltonian F-stability of complete Lagrangian self-shrinkers
In this section, we prove our characterization theorem for Hamiltonian F-stability of
complete Lagrangian self-shrinkers without boundary, with polynomial volume growth and
with the second fundamental form satisfying the condition that there exist constants C0 > 0
and ε < 116n such that |A|2 ≤ C0 + ε|x|2.
In [8], Cheng-Zhou studied the eigenvalues of the drifted Laplacian on complete metric
measure spaces. In particular, they studied the spectrum of L on self-shrinkers, and proved
that the spectrum of L is discrete for a properly immersed self-shrinker. Together with
the result that for a self-shrinker, proper immersion, Euclidean volume growth, polynomial
volume growth and finite weighted volume are equivalent each other (cf. [8, 9]), their
theorem can be stated as follows,
Theorem 9.1. [8] Let Σn be a complete n-dimensional self-shrinker in the Euclidean space
R
n+p, p ≥ 1. Assume Σ has polynomial volume growth, then the spectrum of L is discrete
and consequently the first nonzero eigenvalue λ1 of L has finite multiplicity and satisfies
λ1 ≤ 12 .
Since Σ has polynomial volume growth, 0 is the least eigenvalue of L with multiplicity
one and the associated eigenfunctions are non-zero constant functions. Thus the set of all
eigenvalues of L is an increasing sequence
0 = λ0(L) < λ1(L) < λ2(L) < · · ·
with λi(L) → ∞ as i → ∞. Moreover, by Lemma 8.3, for each i, there exists a countable
orthonormal base
{
ψ
(i)
j
}
of L2(Σ) so that each ψ
(i)
j ∈ W 2,2(Σ) is an eigenfunction of L
associated with the eigenvalue λi(L). Our characterization theorem is as follows.
Theorem 9.2. Let Σn ⊂ Cn be a smooth complete Lagrangian self-shrinker without bound-
ary and with polynomial volume growth. Suppose there exist constants C0 > 0 and ε <
1
16n
such that |A|2 ≤ C0 + ε|x|2. Then the following statements are equivalent:
(i) Σ is Hamiltonian F-stable.
(ii) λ1(L) = 12 , λ2(L) ≥ 1, and the eigenspace corresponding to the eigenvalue 12 is
spanned by coordinate functions.
Proof. First we prove (ii) ⇒ (i). Given an arbitrary compactly supported Hamiltonian
vector field V = J∇f , by (ii) we can choose a0, aA ∈ R, A = 1, ..., 2n, such that
f = a0 +
2n∑
A=1
aAx
A + f0 , a0 + 〈z, x〉+ f0,(9.1)
where z = (a1, · · · , a2n), L〈z, x〉 = −12〈z, x〉 and −f0Lf0 ≥ f20 . Now the remaining part of
the proof is essentially the same as the proof of (ii)⇒ (i) in Theorem 7.1.
Now we prove (i)⇒ (ii). Since the eigenfunctions of L do not necessarily have compact
support, we need to choose cutoff functions. Let η be a nonnegative smooth function on
[0,+∞) satisfying
η(s) =
{
1, if s ∈ [0, 1);
0, if s ∈ [2,+∞),
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|η′| ≤ 2, |η′′| ≤ C, and |η′′′| ≤ C. Define a sequence of functions
φj(x) = η
( |x|2
j
)
.(9.2)
Then φj → 1, and |∇φj | → 0 pointwise. Moreover,
∇φj = η′∇|x|
2
j
= η′
2xT
j
.(9.3)
Using (2.3), we have
∆φj = η
′′
∣∣∇|x|2∣∣2
j2
+ η′
∆|x|2
j
= η′′
4|xT |2
j2
+ η′
2n− |x⊥|2
j
.(9.4)
By (2.4), we get
Lφj = ∆φj − 1
2
〈∇φj , x〉 = η′′ 4|x
T |2
j2
+ η′
L|x|2
j
= η′′
4|xT |2
j2
+ η′
2n− |x|2
j
.(9.5)
Let {e1, · · · , en} be a local orthonormal basis of TΣ, {en+1, · · · , e2n} be a local orthnormal
basis of NΣ. We make the following convention on the range of indices: 1 ≤ i, k ≤ n;
n+ 1 ≤ α ≤ 2n. Recall that (cf. [4])
x,i = ei,
x,ik = h
α
ikeα,
and
Hα,i =
1
2
hαik〈x, ek〉.
It follows that
|x|2,ik = 2〈x,i, x,k〉+ 2〈x, x,ik〉 = 2〈ei, ek〉+ 2〈x, hαikeα〉 = 2δik − 4Hαhαik,
and
∇|xT |2 = ∇|x|2 −∇|x⊥|2 = 2xT − 4∇|H|2 = 2xT − 8HαHα,iei
= 2xT − 4Hαhαik〈x, ek〉ei.
Therefore,
(φj)ik = η
′′ 4〈x, ei〉〈x, ek〉
j2
+ η′
|x|2,ik
j
= η′′
4〈x, ei〉〈x, ek〉
j2
+ η′
2δik − 4Hαhαik
j
,(9.6)
∇Lφj = η′′′ 4|x
T |2
j2
· ∇|x|
2
j
+ η′′
4∇|xT |2
j2
+ η′′
2n − |x|2
j
· ∇|x|
2
j
− η′∇|x|
2
j
=
8η′′′|xT |2
j3
xT + η′′
8xT − 16Hαhαik〈x, ek〉ei
j2
+
2η′′(2n− |x|2)
j2
xT − 2η
′
j
xT .(9.7)
By our computations (9.2)-(9.7), using the condition that |A|2 ≤ C0 + ε|x|2, we get
|φj | ≤ 1,(9.8)
|∇φj | ≤ C|x|,(9.9)
|∆φj | ≤ C
(
1 + |x|2) ,(9.10)
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|Lφj | ≤ C
(
1 + |x|2) ,(9.11)
|∇2φj | ≤ C
(
1 + |x|2) ,(9.12)
and
|∇Lφj| ≤ C
(|x|+ |x|3) .(9.13)
Now assume the contrary that (ii) does not hold. Then either
(1) There exists a function f , such that Lf = −µf , where 0 < µ < 1, µ 6= 12 ; or
(2) There exists a function f , such that Lf = −µf , where µ = 12 , f is not a linear
combination of coordinate functions, and[
f · xA] = 0, A = 1, · · · , 2n.(9.14)
Denote fj = φjf . In the following, we will use Vj = J∇fj as a variation. Then
F ′′j =
[
−〈∇fj,∇ (Lfj + fj)〉+ 〈J∇fj, y〉 − h2|H|2 − 1
2
|y⊥|2
]
.(9.15)
Direct computation gives
[−〈∇fj,∇ (Lfj + fj)〉] = [−〈∇(φjf),∇ (L(φjf) + φjf)〉]
= − [(1− µ)|φj |2|∇f |2 + (2− 2µ)fφj〈∇f,∇φj〉
+(1− µ)f2|∇φj |2 + φjLφj|∇f |2 + fφj〈∇f,∇Lφj〉
+fLφj〈∇f,∇φj〉+ f2〈∇φj ,∇Lφj〉
+2φj〈∇f,∇〈∇φj,∇f〉〉+ 2f〈∇φj ,∇〈∇φj ,∇f〉〉] .(9.16)
From the proof of (i)⇒ (ii) in Theorem 7.1 we know[
〈J∇f, y⊥〉
]
= 0.
Therefore
[〈J∇fj, y〉] =
[
〈J∇(φjf), y⊥〉
]
=
[
f〈J∇φj, y⊥〉+ φj〈J∇f, y⊥〉
]
=
[
f〈J∇φj , y⊥〉+ (φj − 1)〈J∇f, y⊥〉
]
.(9.17)
In order to use the dominated convergence theorem, we need to control all the terms that
include φj in (9.16) and (9.17).
Since f is an eigenfunction of L, we know that f ∈ W 2,2(Σ). Note that our notations
(6.1) and (8.1) satisfy [
f2
]
= (4pi)−
n
2 ‖f‖2L2 .
By Lemma 8.1 and Lemma 8.2, we have[|x|2f2] ≤ C‖f‖2W 1,2 ,(9.18)
and [|x|4f2] ≤ C‖f‖2W 2,2 .(9.19)
Applying Lemma 8.1 on u = |∇f | yields[|x|2|∇f |2] ≤ C‖∇f‖2W 1,2 ≤ C‖f‖2W 2,2 .(9.20)
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Combining (9.18)-(9.20) and the estimates (9.8)-(9.13), we get[|φj |2|∇f |2] ≤ [|∇f |2] ≤ C‖f‖2W 1,2 ,(9.21)
[|fφj〈∇f,∇φj〉|] ≤ C [f |x||∇f |] ≤ C
[|x|2f2]+ C [|∇f |2] ≤ C‖f‖2W 1,2 ,(9.22) [
f2|∇φj|2
] ≤ C [|x|2f2] ≤ C‖f‖2W 1,2 ,(9.23) [∣∣φjLφj|∇f |2∣∣] ≤ C [|∇f |2]+ C [|x|2|∇f |2] ≤ C‖f‖2W 2,2 ,(9.24)
[|fφj〈∇f,∇Lφj〉|] ≤ C [|x||f ||∇f |] + C
[|x|3|f ||∇f |]
≤ C [|x|2f2]+ C [|∇f |2]+ C [|x|4f2]+ C [|x|2|∇f |2]
≤ C‖f‖2W 2,2 ,(9.25)
[|fLφj〈∇f,∇φj〉|] ≤ C [|x||f ||∇f |] + C
[|x|3|f ||∇f |] ≤ C‖f‖2W 2,2 ,(9.26) [
f2 |〈∇φj,∇Lφj〉|
] ≤ C [|x|2f2]+ C [|x|4f2] ≤ C‖f‖2W 2,2 ,(9.27)
It is easy to check that
〈∇f,∇〈∇φj,∇f〉〉 = ∇2φj(∇f,∇f) +∇2f(∇f,∇φj)
and
〈∇φj ,∇〈∇φj ,∇f〉〉 = ∇2φj(∇φj ,∇f) +∇2f(∇φj,∇φj).
It follows that
[|φj〈∇f,∇〈∇φj,∇f〉〉|] ≤ C
[|φj ||∇2φj ||∇f |2]+ C [|φj ||∇2f ||∇f ||∇φj|]
≤ C [|∇f |2]+ C [|x|2|∇f |2]+ C [|x||∇f ||∇2f |]
≤ C [|∇f |2]+ C [|x|2|∇f |2]+ C [|∇2f |2]
≤ C‖f‖2W 2,2 ,(9.28)
and
[|f〈∇φj,∇〈∇φj ,∇f〉〉|] ≤ C
[|f ||∇φj||∇f ||∇2φj|]+ C [|f ||∇2f ||∇φj |2]
≤ C [|x||f ||∇f |+ |x|3|f ||∇f |]+ C [|x|2|f ||∇2f |]
≤ C [|x|2f2]+ C [|∇f |2]+ C [|x|4f2]+ C [|x|2|∇f |2]
+C
[|x|4f2]+ C [|∇2f |2]
≤ C‖f‖2W 2,2 .(9.29)
[|〈fJ∇φj, y〉|] ≤ [(φj − 1)2|∇f |2] 12
[
|y⊥|2
] 1
2
+
[
f2 |∇φj|2
] 1
2
[
|y⊥|2
] 1
2
≤ C‖f‖W 1,2
[
|y⊥|2
] 1
2
(9.30)
By (9.21)-(9.30), and noticing the fact that φj → 1, |∇φj | → 0, Lφj → 0, |∇Lφj | → 0, and
|∇2φj | → 0 pointwise as j →∞, the dominated convergence theorem gives
lim
j→∞
[−〈∇fj,∇ (Lfj + fj)〉] = [−〈∇f,∇ (Lf + f)〉] =
[
(µ− 1)|∇f |2]
=
[
µ(µ− 1)f2] < 0,
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and for each y,
lim
j→∞
[〈J∇fj, y〉] = 0.
More precisely, for any δ > 0, we can choose j sufficiently large, such that
[−〈∇fj,∇ (Lfj + fj)〉] ≤ 1
2
[
µ(µ− 1)f2] < 0,
and
[|〈J∇fj, y〉|] ≤ δ
[
|y⊥|2
] 1
2
.
Therefore, for any h ∈ R and y ∈ R2n, we have
F ′′j ≤
1
2
µ(µ− 1) [f2]+ δ [|y⊥|2] 12 − h2 [|H|2]− 1
2
[
|y⊥|2
]
≤ 1
2
µ(µ− 1) [f2]+ 1
2
δ2 − 1
2
([
|y⊥|2
] 1
2 − δ
)2
≤ 1
2
µ(µ− 1) [f2]+ 1
2
δ2.
Choosing δ such that δ2 ≤ 14µ(1−µ)
[
f2
]
, we get F ′′j < 0 for every h and y. This contradicts
with (i).
This completes the proof of the theorem. Q.E.D.
Since the eigenvalues and eigenspaces of L on S1(
√
2)× · · · S1(
√
2)︸ ︷︷ ︸
k
×Rn−k (0 ≤ k ≤ n)
satisfy (ii), it follows immediately that
Corollary 9.3. S1(
√
2)× · · · S1(
√
2)︸ ︷︷ ︸
k
×Rn−k ⊂ Cn (0 ≤ k ≤ n) is Hamiltonian F-stable.
In particular, the cylinder S1(
√
2)×Rn−1 ⊂ Cn is Hamiltonian F-stable.
Remark 9.4. In [13] (Theorem 5), Lee-Lue gave an equivalent condition for F-stability of
self-shrinkers in higher codimension, which has some kind of connection with our theorem
for Hamiltonian F-stability of Lagrangian self-shrinkers. In their paper, they pinned down
the stability of self-shrinkers in higher codimension to the mean curvature vector being the
first vector-valued eigenfunction for an elliptic system.
Note that for the special case n = 2, by (2.4) we have |x|2 − 4 is an eigenfunction of L
which corresponds to the eigenvalue 1 if |x|2−4 6= 0. Besides, by the remark after Theorem
1.1 of [4], |x|2 = 4 implies that Σ must be the Clifford torus which satisfies λ2(L) = 1.
Therefore in this situation, the condition λ2(L) ≥ 1 in (ii) of Theorem 9.2 can be changed
to λ2(L) = 1. Thus we get an improved statement of the characterization theorem for the
n = 2 case:
Theorem 9.5. Let Σ2 ⊂ C2 be a smooth complete Lagrangian self-shrinker without bound-
ary and with polynomial volume growth. Suppose there exist constants C0 > 0 and ε <
1
32
such that |A|2 ≤ C0 + ε|x|2. Then the following statements are equivalent:
(i) Σ is Hamiltonian F-stable.
(ii) λ1(L) = 12 , λ2(L) = 1, and the eigenspace corresponding to the eigenvalue 12 is
spanned by coordinate functions.
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